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ABSTRACT 
Tobacco mosaic virus (TMV) has been widely studied due to its excellent properties. In 
order to utilize TMV superlattice, this thesis initiates the study on its mechanical properties. 
The elastic modulus of TMV superlattice was first assessed by means of AFM-based 
nanoindentation and extended JKR model. The consideration of adhesion involved in the 
interaction of the AFM tip and the surface of the sample results in more accurate measurement. 
The novel numerical process proposed in this thesis simplifies the fitting procedure. 
The viscoelasticity of TMV superlattice was also measured. The AFM was for the first 
time utilized to perform a transient viscoelastic experiment. An adhesive viscoelastic contact 
mechanics model was developed based on which the elastic moduli E, E2 and the viscosity η 
(Fig.4.5)  are determined to be 3 GPa, 0.0213 GPa and 12.4 GPa.ms, respectively. 
This thesis can serve as novel examples to characterize the mechanical properties of 
nano-biomaterials. 
 
 
 
 
 
 
 
 
 
iv 
 
ACKNOWLEDGEMENTS 
I would like to pay more great appreciation to my academic advisor, Dr. Xinnan Wang. 
He supported my master’s study in the department of mechanical engineering. I really enjoy the 
discussion with him, where some good ideas can be inspired. Dr. Wang paid a lot of time and 
energy on my research papers and thesis writing. Besides, his wealthy knowledge in 
experimental nanomechanics does help me a lot. 
My thanks should be given to Dr. Tao Li at Argonne National Lab in Chicago, too. 
Without his generosity in shearinghis findings and knowledge as well as some experiments 
performed by him, I cannot come into contact with such an exciting research topic.  
I also wish to express my gratitude to Dr. Tangpong, Dr. Ulven and Dr. Shi for serving as 
my committee members and providing some valuable suggestion on my thesis writing. Thank 
you for your time spent on reading my thesis and joining in my defense.  
 
 
 
 
 
 
 
v 
 
TABLE OF CONTENTS 
ABSTRACT ................................................................................................................................................. iii 
ACKNOWLEDGEMENTS ......................................................................................................................... iv 
LIST OF TABLES ..................................................................................................................................... viii 
LIST OF FIGURES ..................................................................................................................................... ix 
LIST OF APPENDIX FIGURES ................................................................................................................. xi 
CHAPTER 1. INTRODUCTION ................................................................................................................. 1 
CHAPTER 2. LITERATURE REVIEW ...................................................................................................... 9 
2.1. AFM methods for mechanical characterization ............................................................................... 10 
2.1.1. Introduction to the AFM ........................................................................................................... 10 
2.1.2. AFM methods for elastic modulus measurement ...................................................................... 12 
2.1.3. AFM methods for Poisson’s ratio measurement ....................................................................... 14 
2.1.4. AFM methods for measuring coefficient of friction ................................................................. 19 
2.1.5. AFM methods for measuring other mechanical properties ....................................................... 22 
2.2. Elastic contact mechanics models .................................................................................................... 23 
2.2.1. Hertz model ............................................................................................................................... 23 
2.2.2. Johnson-Kendall-Roberts (JKR) model .................................................................................... 24 
2.2.3. Derjagin-Muller-Toporov (DMT) model .................................................................................. 25 
2.2.4. Bradley model ........................................................................................................................... 26 
2.2.5. Maugis-Dugdale (MD) model ................................................................................................... 26 
2.2.6. Adhesion map and applicability of contact mechanics models ................................................. 27 
vi 
 
2.3. Theories of viscoelasticity ............................................................................................................... 28 
2.3.1. Transient experiments for viscoelasticity measurement ........................................................... 29 
2.3.2. Dynamic experiments for viscoelasticity measurement ............................................................ 31 
2.3.3. Spring-dashpot model ............................................................................................................... 34 
CHAPTER 3. ELASTIC MODULUS MEASUREMENT OF TMV SUPERLATTICE ........................... 35 
3.1. Nanoindentation experiment ............................................................................................................ 35 
3.2. Results and discussion ..................................................................................................................... 37 
3.3. Theoretical analysis ......................................................................................................................... 39 
3.4. Finite element analysis ..................................................................................................................... 43 
3.5. Summary .......................................................................................................................................... 45 
CHAPTER 4. VISCOELASTICITY MEASUREMENT OF TMV SUPERLATTICE ............................. 47 
4.1. Mathematical formulation of viscoelastic system ............................................................................ 47 
4.1.1. Functional equation method ...................................................................................................... 47 
4.2. The transient viscoelastic measurement of TMV superlattice ......................................................... 52 
4.2.1. Experiment ................................................................................................................................ 52 
4.2.2. Solution to AFM-based nanoindentation .................................................................................. 53 
4.3. Results and discussion ..................................................................................................................... 59 
4.4. Summary .......................................................................................................................................... 61 
CHAPTER 5. CONCLUSIONS AND FUTURE WORK .......................................................................... 62 
REFERENCES ........................................................................................................................................... 65 
APPENDIX. FINITE ELEMENT FORMULATION OF NANOINDENTATION ................................... 72 
vii 
 
A.1. The applicability of finite element method for nanoscale problem................................................. 72 
A.2. Finite element formulation of general contact system .................................................................... 77 
A.2.1. Contact point and gap............................................................................................................... 77 
A.2.2. Finite element equations formulation through Lagrange multiplier weak form ...................... 78 
A.2.3. Finite element equations formulation through penalty formulation ......................................... 79 
A.2.4. Comparison of Lagrange method and penalty method ............................................................ 79 
A.3. Finite element formulation of adhesive forces into the contact system .......................................... 80 
A.3.1. Formulation of governing equation for adhesive contact ......................................................... 80 
A.3.2. Finite element implementation of adhesive contact ................................................................. 84 
A.3.3. Analysis of the finite element method for adhesive contact .................................................... 85 
 
 
 
 
 
 
 
 
 
viii 
 
LIST OF TABLES 
Table                                                                                                                                           Page 
2.1. Parameters selection for AFM-based scratching test[57] ...................................................... 20 
2.2. Comparison among different spring-dashpot models ............................................................ 34 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
ix 
 
LIST OF FIGURES 
Figure                                                                                                                                         Page 
1.1. TMV structures.[16] ................................................................................................................ 2 
1.2. The helical arrangement of the TMV coat protein.[17] ........................................................... 2 
1.3. 2-D hexagonal packing of TMVs to form superlattice. ........................................................... 4 
1.4. EDX analysis results of TMV superlattice. ............................................................................. 4 
2.1. A schematic of imaging/indentation by the AFM tip.[50] ..................................................... 11 
2.2. (a) AFM tip probe for tapping mode; (b) AFM tip probe for contact mode.[54] .................. 13 
2.3. Schematic of the in situ tensile test under an AFM.[55]........................................................ 15 
2.4. Work flow diagram of AFAM.[56] ....................................................................................... 15 
2.5. Cantilever-spring model.[56] ................................................................................................. 16 
2.6. Topography scanned under AFM for (a) Scratches with different loads at the scanning 
velocity of 2 μm/s; (b) Scratches of the same surface with the same scratching load of  
80 μN at different velocities.[57] ........................................................................................... 21 
2.7. (a) Plot of increasing ramp load versus scratching distance as well as the friction signal 
recorded; (b) Coefficient of friction versus the ramp load; (c) height imageof scratched 
surface scanned by AFM. .................................................................................................... 21 
2.8. Schematic of contact between a sphere and a flat surface. .................................................... 23 
2.9. Adhesion map for contact mechanics models.[68] ................................................................ 28 
2.10. An apparatus to measure the shear creep; (b) an apparatus to measure the shear stress 
relaxation.[70] ....................................................................................................................... 31 
2.11. Stress of response to a sinusoidal shear in a dynamic test.[70] ........................................... 32 
3.1. Schematic of AFM nanoindentation on the TMV superlattice.[50] ...................................... 36 
3.2. (a) FESEM image of the rod-like superlattice; (b) AFM height image of a single TMV 
superlattice.[50] .................................................................................................................... 38 
3.3. F-DISP curve on (a) TMV superlattice and (b) Si wafer.[50] ............................................... 39 
x 
 
3.4. (a) F-Δz curves generated from the extended JKR model;  (b) F-DISP retraction curves  
on the Si wafer and shifted sample curve sample; (c) Horizontally translated extended  
JKR F-Δz curves and experimental results; the inset shows the coefficient of 
determination.[50]................................................................................................................. 42 
3.5. Adhesion approximated from Hertz and extended JKR curves.[50] ..................................... 43 
3.6. Elastic modulus of matrix variation with different indentation locations.[50] ...................... 44 
3.7. Von Mises stress distribution of (a) Case 1 at Δz = 2.81 nm and Ematrix = 10 GPa;  
(b) Case 2 at Δz = 2.85 nm and Ematrix = 3.5 GPa.[50] ....................................................... 45 
4.1. Schematic of contact between a sphere and a flat surface. .................................................... 50 
4.2. Schematic of the standard solid model. ................................................................................. 52 
4.3. Variation of indentation force with respect to different indentation duration. ...................... 55 
4.4. The variation of cantilever’s deflection (∆d) and the sample’s deformation (δ) during 
indentation. ........................................................................................................................... 56 
4.5. Spring-dashpot schematic of cantilever in series with sample. ............................................. 58 
4.6. DMT-model-based indentation equation fitted with experimental data. ............................... 59 
4.7. Indentation experimental data v.s. fitted indentation equations. ........................................... 60 
 
 
 
 
 
 
xi 
 
LIST OF APPENDIX FIGURES 
Figure                                                                                                                        Page 
A1. Different orientations of grains and different sizes of sub-volume.[90] ................................ 74 
A2. Apparent shear modulus varies with the size of sub-volume by numerical simulation.[90] . 76 
A3. Critical size v.s. anisotropy degree by simulation of 574 cubic crystals.[90]........................ 77 
A4. Schematic of nanoindentation. ...................................................................................... …….80 
A5. Comparison of simulation results .......................................................................................... 80 
A6. Schematic of body force formulation. .................................................................................... 83 
A7. The simulation results of adhesive ......................................................................................... 86 
A8. Comparison of FE simulation results ..................................................................................... 86 
 
 
 
1 
 
CHAPTER 1.  INTRODUCTION 
Since the discovery of the first virus at the end of 19
th
 century [1], numerical research has 
been sparked to make good biomedical use of virus. As a premise for practical uses,the 
availability and reliability of virus should be guaranteed.It has been found that many viruses 
feature simplicity of virus isolation and continuous storage stabilities.[2] The self-assembly of 
viruses could assist in drugs or imaging agents packing.[3]
,
[4] The outer shell of the virus, which 
is a densely organized coat protein, can be furnished with peptides by means of chemical or 
genetic modification for nucleation and growth of nanomaterials.[4-7] Viruses were also 
employed as the carrier for recombinant protein expressions or for gene silencing studies.[8-10] 
Tobacco mosaic virus (TMV) has been intensively studied as a subject of model system 
for biochemistry and nanomaterial during the past five decades.[11]It has a single strand RNA 
coated and protected by more than 2130 protein molecules (displayed in Fig.1.1). The helically 
arranged coat protein is shown in Fig.1.2. An individual TMV has a special tubular structure 
with a length of 300 nm, an inner diameter of 4 nm and an outer diameter of 18 nm.[12] 
However, the TMVs observed under microscope are usually longer than 300 nm due to the head-
to-tail self-assembly.[13] Intriguing properties have been found in TMVs, such as the ease of 
culture and thermo-stability. More than 100 plants can serve as its host and the TMVs can 
transfer by simple contact between those hosts and its vectors.[14] It has been found that, TMVs 
on a host leaf can keep alive for 30 minutes even under the temperature of 50 degrees Celsius. 
Besides of that, the lowest free energy resulted by the way the RNA and proteins are assembled 
by themselves leads to the most stable structure. TMV is the first virus observed to be able to 
crystallize, and, interestingly, crystallized TMVs keep active. The index of refraction of TMVs is 
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1.57 and its isoelectric point is 3.4.[15] The surface of TMVs is charged negatively in a neutral-
PH surrounding.  
 
Figure 1.1. TMV structures.[16] 
 
Figure 1.2. The helical arrangement of the TMV coat protein.[17] 
Besides of the properties mentioned above, scientists have been also trying to bring some 
practical value to TMVs. It has shown that TMV mutant can successfully guide the cell adhesion 
differentiation and morphologies by using TMV mutants as extracellular matrix proteins.[2] 
Besides, it was confirmed that cell spreading, migration and differentiation can be adjusted by 
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TMV’s functionalities and its assembly patterns achieved by chemically or genetically changing 
its surface properties.[18] TMV was also electrospun with polyvinyl alcohol (PVA) into 
continuous TMV–PVA composite nanofibers. Those nanofibers are able to form  biodegradable 
nonwoven fibrous mat which can be used as an extracellular matrix mimetic.[19] A recent study 
fabricated a bio-inorganic nanostructure by soaking TMVs into platinum nanoparticles and 
forming cluster between the inorganic particles and the coat protein of TMVs. The newly 
fabricated nanostructure is able to achieve the function of on/off switch and thus can be used in 
nanoelectronic devices.[20] 
Recently, a 2-D hexagonally-packed rod-like superlattice structure has been synthesized 
by mixing TMV solution with Ba
2+
,[21] as shown schematically in Fig.1.3.Zn
2+
, Ca
2+
, Mg
2+
, and 
Cd
2+
 were found to be unable to trigger the formation of the superlattice. Only when the molar 
ratio of Ba
2+
/TMV is above 9.2×10
4
, crystallized lattice can be formed by the assembly of TMV 
and precipitate out. Otherwise, TMVs exist in a colloid state which is separated from the 
transparent solution. This is observed by energy dispersion X-ray (EDX). EDX and X-ray 
transmittance measurement revealed that Ba ions are mainly distributed in the white precipitation 
phase and the newly formed superlattice bundle also contains Ba ions, as shown in Fig.1.4(b) 
where the crossing in (a) is chosen for EDX analysis and the results are presented in (b).  This 
indicates that Ba ions play a driving role in the assembly of TMV. GNOM fits and the pair 
distance distribution function (PDDF) shows that the pair distance of TMVs in precipitation is 
larger than its cross-section diameter, 18nm. This is another proof that Ba ions are distributed on 
the surfaces of TMVs. All these facts lead to the conclusion that Ba ions give rise to like-charge 
forces on the surfaces of TMVs which accordingly get TMV fibers together. The distance 
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between the centers of two neighboring TMVs are ~21.6nm and it remains the same regardless 
of the PH value and molar ratio of Ba
2+/TMV (as long as it’s above the critical ratio).  
 
Figure 1.3. 2-D hexagonal packing of TMVs to form superlattice. 
 
 
Figure 1.4. EDX analysis results of TMV superlattice. 
 
Superlattice is a periodic structure of two or more layers of different materials stacking 
on top of one another. Its properties can be drastically different from its constituents. Since its 
discovery in the early 1920s, due to their enhanced and alterable properties, a number of 
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superlattice structures formed by inorganic materials have been constructed and used in a host of 
technological applications.[22-25]The synthesized TiN/NbN superlattice films and annealed 
Si/SiGe strained-layer superlattice are excellent wear-resistant materials because of their 
significantly high shear resistance.[26, 27] Carbon nanotube (CNT) superlattice presents an 
electronic-band structure and optical absorption that differ dramatically from its CNT 
counterparts.[28, 29]Gold nanorod superlattice has been utilized for electronic storage and 
plasmonic waveguide.[30-32] Those fantastic properties achieved by superlattice and the 
discovery of the TMV superlattice formation guide us to the idea that TMV superlattice possibly 
have some very unique and potentially valuable features. As a result, the biomedical and 
industrial uses of TMVs may be extended to a wider range.  
These promising biomedical applications of TMV and TMV-based nanomaterials, 
however, need both the biochemical and mechanical studies. For example, the elastic moduli of 
the small organisms in human circulatory system, such as the red blood cells and the vaccine or 
drug carriers, are related to the viscosity of blood. If TMV superlattice is employed for drug 
delivery uses, the effect on the viscosity of blood by the addition of TMV superlattice should be 
an important aspect for consideration. In addition, the flow rate in the capillaries is dependent on 
the deformability of those particles transported in blood, which in turn directly influences the 
safety of the patient.[33] The surface energy density of micro/nano-particles highly influences 
the bio-adhesive properties. There are definitely a lot of other reasons for which it is really 
necessary for us to study the mechanical properties of TMV and TMV superlattice formed in Ba 
ions solution. Mechanical properties of TMV and TMV-based nanomateirals have been 
characterized during the last two decades via different testing methodologies. Falvo et al. studied 
a single TMV using atomic force microscopy (AFM) combined with a real-time microscope 
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control interface. The flexural rigidity of 5.5×10
-24
 N m
2
 and the elastic modulus 1.1 GPa were 
reported.[34] Schmatulla et al. predicted that the elastic moduli of TMV were of 6.8 GPa and 5.0 
GPa using static method and dynamic method, respectively.[35] The polyaniline coated TMV 
nanotubes were characterized with AFM nanoindentation technique and an elastic modulus of 
1.26 GPa was estimated based on the finite element modeling (FEM).[13] Most recently, Zhao et 
al. obtained the radial elasticity of TMV by both FEM simulation and Hertz theoretical analysis, 
which was consistent with what Falvo et al. reported.[36] Besides to the elastic modulus, 
viscoelasticity is also a significant parameter of biomaterials, which is however, more 
challenging to be measured in micro and even nanometer scale. Quite a few techniques to 
measure the viscoelasticity of macro-scale materials have been developed and widely used. A 
comprehensive review of those methods can be found in reference [37], which covers the 
principles of viscoelasticity, experimental setup for time-domain and frequency-domain 
measurements. When a sample under investigation is scaled down to micro or even nanometer, 
the viscoelastic measurements are complicated by the complexity of interaction between the 
probe and the sample. However, the knowledge of the micro/nano biomaterials, such the virus, 
cell and cytoskeleton, is of great importance for a better understanding of some key 
physiological phenomena. Before this, efforts have been made to assess the viscoelasticity of 
micro/nano materials with a contact-resonance atomic force microscope (AFM) [38-40]. The 
adhesion between the probe tip and sample was not considered in these studies. What’s more, 
sinusoidal signal generator is needed to cause the flexural oscillation of the cantilever. Some 
other similar studies employed shear modulation spectroscopy [41] and magnetic bead 
manipulation [42] to obtain the micro/nano viscoelastic properties. All those studies mentioned 
above measured the dynamic viscoelastic response of materials. By contrast, the methods for 
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assessing the transient viscoelastic response of materials were also proposed. [43-45] They were 
all founded based on the functional equation methods proposed in the mid of the 20
th
 century 
[46]. They utilized indenters of different tip geometries and obtained the elastic moduli and 
viscosity, respectively, based on the viscoelastic contact theories developed from the functional 
equation method.  
With the knowledge about the TMV superlattice and previous methods for mechanical 
characterization of TMV and TMV-based materials, this thesis will focus on the nanomechanical 
characterization of TMV superlattice. Not only will the mechanical properties of TMV 
superlattice be focused, but also the improvement of the conventional methods and proposal of 
new methods will be concentrated for more accurate results and economic operation. The Atomic 
Force Microscopy (AFM) is an important experimental tool in our research. AFM is capable of 
performing in vivo measurements on micro/nano materials with high precision in force and 
displacement probing. A better understanding of the running principle and advantages of AFM, 
can be obtained from Chapter 2 in this thesis. Chapter 3 and Chapter 4 will introduce our 
methods to measure the elastic modulus and viscoelasticity of TMV superlattice, respectively. 
The methods stated there include both the experimental set-up and theoretical derivation for 
numerical processing. Some fundamental theories of the characterization methods were included 
in chapter 2, such as the elastic contact mechanics models where the nanoindentation analysis is 
rooted and viscoelastic theories which serve as a foundation for the new method established in 
chapter 4. Finite element simulation is a widely used method for mechanical problem. It is able 
to work as an effective way to confirm the accuracy of the newly develop mechanical testing 
methods and exhibit the deformation status of nanomaterials which is very difficult to observe. 
However, the applicability of this method for nanomechanical problems is greatly challenged 
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because the assumption of continuum medium based on which finite element method is 
formulated may not hold when it is scaled down to nanometer. Then in Appendix, the minimum 
sizes for finite element is quantitatively studied, based on previous research on the minimum 
representative volume element sizes for polycrystals and composites. After that, the finite 
element model for contact system and adhesive forces generated in nano-contact system was 
developed and analyzed. Then the finite element simulation of AFM-based nanoindentation was 
performed. The mechanical characterization results based on finite element simulation was 
compared with the analytical methods proposed in chapters 3 and 4. Finally, in Chapter 6, as a 
closing, future work is proposed in order to further improve the current research and lead us to 
better understanding the nanomechanical issues.  
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CHAPTER 2.  LITERATURE REVIEW 
This chapter focuses on three subjects.  
1) The Atomic Force Microscopy (AFM) methods for mechanical characterization. This 
part presented the history and set-up of AFM so that readers can be equipped with the necessary 
knowledge to understand how the AFM works in the elasticity and viscoelasticity measurement 
in chapter 3 and chapter 4. Besides, some AFM methods available for characterizing elastic 
modulus, Poisson’s ratio, frictional coefficient and some other properties were also introduced, 
which makes readers be able to realize how the novel methods introduced in the subsequent 
chapters contribute to the using of AFM. 
2) Contact mechanics models. This part sketched the physical foundation based on which 
those models were developed and the differences between them. Specifically, an adhesion map 
was included which tells the applicability of those different models. Some of these models will 
be employed in the following chapters to extract the mechanical properties of sample from AFM-
based experimental data.  
3) The theories of viscoelasticity. This part started from an introduction to the 
viscoelasticity, which included how it exists in the nature and the factors that can influence the 
viscoelasticity. Following that, the conventional methods to measure the viscoelasticity of bulk 
materials were introduced, including the transient method and dynamic method. The knowledge 
presented in this part can assist the readers in better understanding the principle behind the novel 
method proposed in chapter 4 to measure the viscoelasticity as well as how it is different from 
previous methods.    
 
10 
 
2.1. AFM methods for mechanical characterization 
2.1.1. Introduction to the AFM 
The AFM was brought into being in 1986 by three scientists, Binnig, Quate and Gerber, 
as a powerful tool for surface imaging, force measuring and nano-manipulating [47-49]. Before 
that, the scanning tunneling microscope, from which AFM was developed, had been invented by 
Gerd Binnig and Heinrich Rohrer. They were awarded the Novel Prize of physics in 1986 for 
their invention of the scanning tunneling microscope. Three years after that, the AFM became 
available commercially and since then tremendous progress in both the application exploration 
and the device itself has occurred.   
The tip of the AFM, mounted at the end of a cantilever, is of great importance for 
imaging and force sensing. The tip is typically made of silicon or silicon nitride for imaging and 
indentation on soft biomaterials. For scratching or indentation on hard surface, diamond tip can 
be employed. To make a better use of the contact mechanics theories, the tip is mostly fabricated 
with a radius of curvature ranging from 8 nm to several micrometers. More details about the 
contact mechanics theories for indentation analysis use will be elaborated in the following 
section. When the tip is involved in the interaction with samples for imaging, the tip will travel 
along the plane with the height being sensed by the deflection of the cantilever. As shown in 
Fig.2.1, a laser spot reflected by the back side of the tip serves as a precise tool of detecting the 
deflection of the cantilever. During an indentation process, the deflection of cantilever becomes 
an important and reliable method for sensing the indentation force, based on the fact that the 
cantilevers were specifically designed, fabricated and confirmed to be regarded as a spring.  
11 
 
 
Figure 2.1. A schematic of imaging/indentation by the AFM tip.[50] 
By comparison with traditional optical microscopy and state-of-art electron microscopy, 
the AFM has some intriguing advantages. First, the AFM touches the sample surface to image its 
topography instead of using light or electron diffraction. As a result, there is no need of any 
special treatment for the specimen before scanning and the sample can be imaged in ambient air 
or even liquid which makes it possible to image and characterize biological tissues in-vivo. 
Second, the very precise control and sensing by piezoelectric and laser-photodiode units enable 
the AFM to measure force with the precision of 1 pN [51]. Such a feature lends it the feasibility 
to characterize the mechanical properties of materials in nanoscale or even measure the 
unfolding force of a single protein molecular as well as the intermolecular adhesion. In principle, 
the AFM can achieve an atomic level resolution, which is higher than the scanning electron 
microscope. Besides, some types of AFM can be easily attached with some other accessory 
devices, such as a micro/nano tensile tester, to extend the utility of the AFM.  
In this section, different methods for investigating the mechanical properties of materials 
with the AFM are summarized. The mechanical properties involved include the elastic modulus, 
viscoelasticity, hardness and Poisson’s ratio. The work by Cappella et al. in 1999 initiated the 
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widespread use of the AFM in this regard [52], where the analysis of force distance curve and its 
use for measuring Meniscus force, Coulomb force, Van der Waals force Double-layer force, 
Solvation forces, Hydration forces, Hydrophobic force, Steric, depletion, and bridge forces were 
covered [51]. Since then, quite a number of efforts have been made to determine the mechanical 
properties of materials in micro or even nanometer scale under the AFM. To sum up, both the 
experimental setup and theoretical models raised are addressed in this paper. The pros and cons 
of each method or model are analyzed so that a better understanding of their applicability can be 
obtained. The problems remaining to be solved are also touched. 
2.1.2. AFM methods for elastic modulus measurement 
Traditionally, elastic modulus of a material is measured by a tensile test, where the slope 
of the linear portion of the stress-strain curve represents the elastic modulus. However, such a 
method is not applicable for nanomaterials, such as biological cell and carbon nanotube, or the 
micro/nano-scale area of materials, like the interphase area of fiber and matrix of fiber 
composites. In 1992, an influential work by Dr. Oliver and Dr. Pharr employed nanoindentation 
technique to extract materials elastic modulus from the indentation load-displacement curve [53]. 
Even though this method cannot be used directly on AFM because of the difference between the 
AFM and the nanoindenter, it sparks the idea that AFM-based nanoindentation can be utilized to 
determine the elastic modulus. All the following elastic modulus determination methods are 
based on the nanoindentation experiment. 
There are two imaging modes commonly used, tapping mode and contact mode. Different 
probes as shown in Fig.2.2 should be adopted for different modes. For indentation use, tapping 
mode is usually selected. Before indentation, the topography of the sample surface is supposed to 
be obtained in order to locate the sample or the area ideal for performing indentation. After that, 
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the scanning area is reduced step by step. It is noted that the ideal indentation spot should be of 
the largest height and of flat surface. The highest spot, or in other words the thickest place, can 
protect the tip from pressing down to the substrate large hardness. The contact mechanics 
theories make more sense for indentation on a flat surface.  
 
Figure 2.2. (a) AFM tip probe for tapping mode; (b) AFM tip probe for contact mode.[54] 
 
When the scanning size reaches 1×1 nm
2
, indentation can be performed after 
appropriately setting indentation parameters, including the lift height, the indentation depth/the 
largest indentation load and scan rate which defines the loading/unloading velocity. When the 
indentation is done, an indentation force-displacement curve is generated. An indentation on 
substrate which features a very large elastic modulus is performed subsequently which serves to 
correct the sensitivity of the cantilever. Since the substrate is hard, when the tip is press down to 
the substrate, it is reasonable to ignore the deformation of the substrate and thus all the 
displacement during indentation comes from the deflection of the cantilever. The sensitivity here 
means the ratio of the Z motion of the piezo to the cantilever deflection, which is easily affected 
by the position of the laser spot on the cantilever, the position of the cantilever in its holder as 
well as the variation from cantilever to cantilever.  
After obtaining the force v.s. displacement curves, a variety of contact mechanics models, 
including Hertz, JKR, and DMT and so on, can be employed to extract the elastic modulus. The 
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introduction of those contact mechanics models and their applicability are stated in the section 
2.2.  
2.1.3. AFM methods for Poisson’s ratio measurement 
Poisson’s ratio is a very important mechanical property which correlates the strains along 
different directions. However, it’s difficult to measure it, particularly in micro/nanoscale. As a 
result, very few studies have been reported on how to measure the Poisson’s ratio of micro/nano 
materials. One study was published to measure Poisson’s ratio specifically of ultrathin polymeric 
films [55]. Besides of the AFM, a tensile tester is also needed to impose tension on the film so 
that an in situ tensile test can be performed under the AFM.  The basic idea utilized in this work 
is to obtain the deformation vector of a specific line segment on the scanned images before and 
after the tensile test. The schematic of the in situ tensile test under an AFM is displayed in 
Fig.2.3.  
The method stated above is just applicable to a thin film and the surface area of the film 
should be large enough to be scanned and find a segment. The method to measure the Poisson’s 
ratio to be introduced below has a wider range of applicability. Technically in this method, the 
dimension of the samples can be as small as tens of nanometers.  
2.1.3.1. Experimental setup 
Atomic force acoustic microscopy (AFAM) is needed in this method. AFAM is a kind of 
contact-resonance AFM, which has the vibration of the cantilever involved. In order to active the 
vibration of the cantilever, a piezoelectric transducer is designed to generate shear or transverse 
vibration of the sample put on it. The work flow of AFAM can be found below.  
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Figure 2.3. Schematic of the in situ tensile test under an AFM.[55] 
 
 
Figure 2.4. Work flow diagram of AFAM.[56] 
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2.1.3.2. Theoretical formulation 
To quantitatively describe the dynamic contact between the AFM tip and the sample, two 
springs are used to represent the elastic interaction between the tip and the sample along the 
vertical and the horizontal directions, respectively. The two springs essentially denote the elastic 
response of the sample. A schematic of the tip-spring model can be found the Fig.2.5. At the 
same time, the cantilever is also treated as a spring with the flexural spring constant 
3
3
14
lever
Eb w
k
L
  and the lateral spring constant 
3
23
lever
Gb w
Lh
  . In the two equations, E and G are the 
Young’s modulus and the shear modulus of the cantilever, respectively; w is the width of the 
cantilever; h, L and L1 represent different geometrical parameters of the cantilever as shown in 
Fig. 2.5. Then the cantilever-spring interaction model becomes spring-spring model. The spring-
spring system undergoing vibration has been analyzed in good details in previous literatures. 
Based those previous works, both 
lever
k
k
 and 
lever


 can be obtained. Thus the vertical spring 
constant 𝑘 and the horizontal spring constant 𝜅 of the sample can be obtained. Our following 
discussion to obtain the Poisson’s ratio of the sample will be based on the obtained k and  . 
 
Figure 2.5. Cantilever-spring model.[56] 
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Attention was first paid to the vertical spring with the spring constant k . k and the 
nominal elastic modulus of contact couple, *E , can be related by the following equation. 
 *2aEk   (2.1)  
where a is the contact radius and *E can be calculated from the elastic modulus E, and Poisson’s 
ratio v, of the sample and the tip, respectively by 
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For simplicity, a new parameter 
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M
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is defined as the indentation modulus. Thus 
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tip sampleE M M
   (2.3)  
Hertz contact model gives rise to the following equation 
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where R is the radius of curvature of the tip with the assumption that the sample surface is flat so 
that its radius of curvature can be regarded as infinite; P is the applied force between the tip and 
the sample.  
Invoking equation (2.1) into equation (2.4), we can have 
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(2 E
RP
k   (2.5)  
The same tip and the same contact load were used to perform indentation on a reference 
sample with a known elastic modulus and Poisson’s ratio and perform a second indentation on 
the sample that we are investigating. The following relationship rises 
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In the equation above, there is only one unknown parameter 𝐸𝑠
∗, thus it can be calculated. 
After obtaining 𝐸𝑠
∗, returning to equation (2.3), give rise to the value of  𝑀𝑠𝑎𝑚𝑝𝑙𝑒 .  
The tangential contact involving the tangential contact spring constant 𝜅 will then be 
analyzed. Similar to equation (2.1), 𝜅 and the nominal shear modulus 𝐺∗ can be related by 
 *8 ?G a   (2.7)  
where the nominal shear modulus 
*1/ (2 ) / (2 ) / , / (2(1 ))tip ip sample sampletG v G v G G E v      .  
The indentation shear modulus N is defined as 𝑁 =
𝐺
2−𝜈
 and the following equation can 
be got 
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Though similar procedures aforementioned, the value of 𝐺𝑠
∗ and therefore the value of 
sampleN can be obtained from Eq.2.8. 
By manipulating the equations )]2)(1(2/[)2/( vvEvGN  and )1/(
2vEM  ,  
the expression for Poisson’s ratio can be derived as 
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2.1.4. AFM methods for measuring coefficient of friction 
Coefficient of friction is a very important mechanical property for components in contact 
and relative movement. Measuring the coefficient of friction of micro/nano-scale objects, such as 
micro-electromechanical systems, are possible now with the advent of the AFM. The 
measurement can be achieved by the AFM-based scratch test on the surface of the sample. The 
wear mechanism and friction of ultrathin film is of great importance and thus the investigations 
on it can have lots of applications, for example, magnetic storage devices [57] and artificial 
biodegradable membrane used in human joints.  
Scratching can be performed by applying a ramp load on the tip and then moving the tip 
along a direction. At the same time, the ramp load and the frictional signal, which are usually 
recorded in the form of voltage, can be obtained. For samples like biomaterials and other soft 
materials, a square pyramidal tip fabricated with silicon nitride was adequate enough to perform 
scratching. The tip has a radius of curvature of tens of nanometers (20-50 nm commonly) and a 
spring constant of 0.5 N/m at normal load. To perform scratching on hard samples, a three-sided 
pyramidal tip micro-fabricated with single-crystal diamond is needed. The tip has a radius of 
curvature as small as 40 nanometers and is mounted on a stainless cantilever with a relatively 
large spring constant, ~25 N/m. The large spring constant can make the probe undergo a large 
scratching drag force so that the tip can work well on a hard surface. In scratching/wear test, the 
tip should be installed on the cantilever in the way that one of its sharp edges goes parallel with 
the longitudinal direction of the cantilever. Subsequently, the tip will scan on the sample in the 
transverse direction of the cantilever. Such a configuration simplifies the measurement of friction 
sensed by the tip. Besides, the repeated tests can be easily performed. It has also been confirmed 
that the wear when the tip is scanning in the longitudinal direction is 2~3 times larger than that 
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during the tip travels in the other way.  The scanning rate for the wear/scratching test is usually 
set to be 0.5 Hz.  
The parameters set for most cases can be found in the following table. 
Table 2.1. Parameters selection for AFM-based scratching test[57] 
Parameters Scratch length (μm) Scanning velocity (μm/s) Number of loading steps 
Value 25 0.5 500 
 
An example of AFM-based scratching experiment performed on a polymeric magnetic 
tape. Different scratching loads (ramp loads) were used and as a result the scratching depth went 
linearly with the ramp load (40~140 μN), which can be found in Fig.2.6(a). Then the ramp load 
was kept constant while different scanning velocities (1~100 μm/s) were applied to the 
scratching test, which can be found in Fig.2.6(b). The scanning velocity is found to take no effect 
on the scratching depth and coefficient of friction.  
Figure 2.7 demonstrates the determination of the frictional coefficient and the critical 
load based on AFM-based scratching test. The tip was defined to scratch up to a length of 25μm 
at the scratching velocity of 0.5μm/s. The ramp load increased gradually with the scratching 
proceeding. The coefficient of friction remained at 0.04 before the ramp load reached ~35 μN. 
The ramp load of 35 μN is the critical load in this case. After the critical load, the frictional 
coefficient kept rising. Then we can conclude that the frictional coefficient between the sample 
and the AFM tip is 0.04. The critical load represented the load that initiated the plastic 
deformation of the sample, which can be seen as the scratches on the height image scanned by 
AFM in Fig.2.6(c). Thus the frictional coefficient after the critical load on Fig.2.6(b) is not the 
actual value.  
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Figure 2.6. Topography scanned under AFM for (a) Scratches with different loads at the 
scanning velocity of 2 μm/s; (b) Scratches of the same surface with the same scratching load of 
80 μN at different velocities.[57] 
 
Figure 2.7. (a) Plot of increasing ramp load versus scratching distance as well as the friction 
signal recorded; (b) Coefficient of friction calculated based on data on (a) versus the ramp load; 
(c) Height image of scratched surface scanned by AFM.[57] 
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2.1.5. AFM methods for measuring other mechanical properties 
 Besides the mechanical properties stated above, some other mechanical properties can 
also be characterized by the AFM. Hardness can be tested though the same procedures as the 
macro-scale indentation. The AFM-based indentation has been introduced before. Then the 
hardness can be obtained by dividing the indentation load with impression area left on the 
indention surface. However, the hardness has been related to the indentation load-displacement 
curves, contact depth, Young’s modulus, initial yield strength and work-hardening exponent  
[58]. The details of the relation between the hardness and the other mechanical properties can be 
found in previous literature[58].  
AFM was also utilized to investigate the interfacial mechanical properties of composites 
[59]. The sliding interfacial strength (also known as friction strength) can be obtained by the 
following equation, 
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where𝑢 is the displacement of fiber generated during indentation, P is the indentation load, 𝑟 and 
𝐸𝑓  are the radius  and the Young’s modulus of the reinforcing fiber, respectively.  
The interfacial fracture strength can be obtained by the equation as follows, 
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where t is the thickness of the reinforcing fiber. For more details about the experimental and 
analysis procedure, please look into the reference. 
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2.2. Elastic contact mechanics models 
2.2.1. Hertz model 
Hertz model was originally proposed by Hertz in 1986 for non-adhesive elastic contact 
between two spheres. A very important assumption for this model is that it applies to small 
contact case where the contact radius is much smaller than the radii of the two elastic spheres. 
The assumption is resulted from the approximation that the sphere profile was replaced by a 
parabolic equation for the ease of mathematical derivation [60]. The Hertzian theory for two-
sphere contact can be expressed as [61, 62] 
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wherea is the contact radius, 1R and 2R denote the radii of the two contact spheres,
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 , 1 2, ?v v and 1 2?E E are the Poisson’s ratio and elastic modulus of the two spheres, 
respectively, P is the contact force,  is the indentation depth.  
 
Figure 2.8. Schematic of contact between a sphere and a flat surface. 
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Hertz model was employed by Wang et al. for investigating the elastic moduli of the 
tobacco mosaic virus and polyaniline fiber, respectively[13]. A similar work by Zhao et al. also 
adopted Hertz model of non-adhesive contact to determine the elastic modulus of single plant 
virus in tubular shape[36]. The indentation force-displacement curve exhibits that the curve 
during the retraction of the tip has a portion with negative force before the tip gets out of the 
contact with the sample surface. The adhesive force is essentially the van der Waals force which 
exists between molecules and it becomes obvious in the contact between nanometer scale objects. 
This makes it difficult to fit the experimental indentation force-displacement curve with the 
Hertz model. The two works aforementioned actually both used the extension curve where the 
adhesion is minor or even absent and thus can be ignored. Nevertheless, The retraction curves 
actually tells more information about the elastic deformation than the extension curve which 
incorporates the plastic deformation component [53]. It was also experimentally demonstrated 
that the elastic modulus calculated based on the retraction curve is closer to the uniaxial tensile 
test’s results than that from the extension curve [63]. 
2.2.2. Johnson-Kendall-Roberts (JKR) model 
To address this adhesion effect, Johnson-Kendall-Roberts (JKR) model was developed in 
1971 [62]. By means of considering the surface energy, the mathematical derivation from Hertz 
model yields an obvious adhesion. To confirm the correctness of their model, rubber and gelatine 
surfaces were taken in their contact experiment. In JKR model, the contact circle radius a is 
related to the applied load Pas 
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is the nominal elastic constant, G is the adhesion release rate at the contact 
surfaces,which is determined by  
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where 0P is the pull-off force.  
It is noted that equation (2.16) applies to the displacement-control experiment, which is 
more stabilized than the load-control experiment [64], and that the energy release rate G equals 
the adhesion energy of the contact area γ in equilibrium system.  
Combining equation (2.15) and equation (2.16) yields 
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The geometrical relationship between a and δ gives rise to the following equation 
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Thus, Eq. (2.17) and (2.18) relate the applied force with the indentation depth quantitatively. 
2.2.3. Derjagin-Muller-Toporov (DMT) model 
Soon after the introduction the JKR model,  DMT model was developed which took the 
surface force out of contact region into consideration [65]. In DMT model, the contact radius and 
relative approach can be expressed, respectively, as 
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In contrast to the JKR model, the adhesion release rate is calculated by a different way as 
follows, 
 0  
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  (2.21)  
2.2.4. Bradley model 
The Bradley model was proposed based on the Lennard-Jones potential which calculates 
the force between two atomic-scale surfaces by the following equation, 
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where2γ denote the summed surface energy per unit area of the two surfaces, z is the distance 
between the two planes, z0 is the equilibrium distance where the potential vanishes. 
Applying the relation above, the total force between two rigid spheres with radii of R1 and 
R2was derived as [66] 
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2.2.5. Maugis-Dugdale (MD) model 
In order to explain the apparent contradiction between the JKR and the DMT models, 
MD model was developed in the year of 1991. Instead of using Lennard-Jones potential which 
may involve self-consistency in numerical calculation, a Dugdale model was used. MD model 
states that [67] 
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where m is ratio of contact radius, a, and the radius of adhesive region, c; K is defined in 
equation (2.15); 3/120 )/(2 KR   and 0 is the maximum force predicted by equation 2.22; 
3/12 )/( RKaa  . 
2.2.6. Adhesion map and applicability of contact mechanics models 
The applicability of the contact mechanics models introduced above is important to 
address so that we are aware of which model should be selected in a specific contact situation.  
To achieve it, an adhesion map was sketched based on two parameters defined to be 
3/12
0 )/8( wKR   and wRPP / . Physically, λ is ratio between the elastic deformations to 
the range of surface forces; P measures the ratio between the load and the adhesive force.  
Hertz model works well when the adhesion is ignorable by comparison with the load. 
Mathematically, the condition is  
 
P
Pa  (2.26)  
where P is the load and Pa is the adhesive force proposed in the MD model.  
The adhesive force can be calculated by 
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where a is the radius of the compression region, c is the radius of the tension region (caused by 
the adhesion) and 0  is the uniform adhesive stress between the region of radius a to that of 
radius c.  
The value of the parameter hasn’t been technically determined so it can be chosen 
arbitrarily in the range of 1 . In Fig. 2.9, the ratio is chosen to be 0.05. 
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The Bradley model was derived based on the assumption that no deformations occur so 
this model applies to the case where the elastic moduli of the contact objects are very large. In 
other words, it applies to rigid contact. The other three models took both the adhesion and the 
deformation into consideration. However, they are applicable to contacts with different 
magnitudes of deformation, which is defined by the parameter 0/ ha , where a denotes the 
elastic compression and 0h is the gap between the surfaces. 
 
Figure 2.9. Adhesion map for contact mechanics models. [68] 
2.3. Theories of viscoelasticity 
Most biomaterials, categorized as organic high bio-polymer, exhibit both elastic and 
viscous behavior. Such mechanical behavior is termed as viscoelasticity. With the involvement 
of viscous factor which is time/frequency-dependent, the complication of viscoelastic study 
arises by comparison with studies of pure elastic solids. However, the research on characterizing 
viscoelasticity has gained much attention in past decades due to its technological significance in 
physiology, geophysics, and food industry [37].  
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Not only do the viscoelastic properties change greatly from different types of materials, 
but also they vary with temperature. Generally, there are three stages for polymers at increased 
temperature, where the glass-transition temperature, Tg, is of particular importance. When 
temperature is well below Tg, polymers are elastic solids, essentially an organic glass, with high 
elastic modulus and time-independent mechanical behavior. When temperature ranges around Tg, 
viscoelastic behavior dominates. When it’s much higher than Tg and reaches beyond the 
transition range, uncrosslinked polymers behave as a liquid and crosslinked polymers act as 
elastic solids with very low elastic moduli. Strictly, viscoelastic behavior exists in all materials 
including those we assume as elastic solids or viscous liquid. Thus, the pure elasticity or 
viscosity is an approximation in real materials. For more details about the concepts of 
crosslinked and uncrosslinked polymers as well as the method to determine glass-transition 
temperature, please refer to reference [69].  
2.3.1. Transient experiments for viscoelasticity measurement 
Creep and relaxation are the two simplest and widely used transient experiments for 
viscoelastic measurement. For a creep test, a polymer is subjected to a constant tensile stress, 0 , 
it results in a strain, )(t , which usually increases with time going by. While for a stress-
relaxation test, the strain of a polymer is kept at a specific value, 0 , the stress applied on it can 
be recorded as )(t , which degrades with time. Due to the simplicity of experiment, uniaxial 
tensile test is normally chosen. For a shear-response test, it records a combined behavior of 
different stresses and thus is more useful than the uniaxial tensile test. Besides, the creep and 
stress relaxation tests can be done in forms of uniaxial compression, torsion, bending, volumetric 
compression (under hydrostatic pressure) and some other deformation. Fig.2.10 demonstrates the 
experimental setup for creep and stress relaxation tests, respectively. In Fig.2.10 (a), the fixture 
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plates and sample should reach thermal equilibrium before the test is run. Then appropriate 
weights are put on the weight pan to apply a constant shear stress, 0  ,to the sample. The 
position of the movable plate and corresponding time is recorded to obtain the strain history. 
With the knowledge of the dimensions of the sample, the shear strain response history of the 
sample, )(t , can be obtained. Therefore, the shear creep compliance of the sample can be 
calculated through  
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The tensile creep compliance can be obtained through similar procedures.  
In Fig.2.10(b), the sample is attached to the upper clamp first and the force sensed by the 
load cell when the sample strip drops down and keep static. Then the sample is attached to the 
lower clamp which applies a pre-strain to the sample. For the whole measurement duration, the 
strain of the sample is constant, 0 , while the stress is decreased, )(t ,sensed by the recorder 
connected to the load cell.  The stress relaxation test gives rise to the relaxation modulus by 
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Linear viscoelasticity is defined as )(tJ  is independent of 0  and )(tE  is independent of 
0 . Hence, the plotting of stress versus strain of linear materials exhibits a straight line, which 
can serve as an experimental method for judging materials’ linearity.   
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Figure 2.10. (a) An apparatus to measure the shear creep; (b) an apparatus to measure the shear 
stress relaxation. [70] 
2.3.2. Dynamic experiments for viscoelasticity measurement 
Besides the transient experiments introduced above, the dynamic experiments to measure 
the viscoelasticityare also widely used. In a dynamic experiment, the sample is attached to a 
linear servomotor/electromechanical driver which are able to drive the sample with a sinusoidal 
strain. On the other end of the sample, a load cell is attached to the sample and records the stress 
history induced by the sinusoidal strain input. Ideally, the stress signal recorded by the load cell 
is also in the form of sinusoidal function, as shown in Fig.2.11. If the sample is purely elastic, 
there will be no phase difference between the strain and stress curves so that they coincide with 
each other. However, in the case of viscoelastic sample, a phase difference, , can be observed. 
Corresponding to the moment when the strain 0 and 0  , the stress sensed by the load cell 
is signed with " and ' . ' is caused by the strain completely (strain rate is zero) so it’s an 
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elastic response. " is caused by the strain rate completely (strain is zero) so it’s a viscous 
response. The storage and loss moduli are defined, respectively, as 
 


cos'
0
0G  (2.30)  
 


sin"
0
0G  (2.31)  
where 0 and 0 are the amplitudes of stress and strain, respectively;  is the phase difference 
between stress and strain.  
 
Figure 2.11. Stress of response to a sinusoidal shear in a dynamic test.[70] 
By now, two reports on the dynamic experiments for viscoelastic measurement based on 
the atomic force microscopy (AFM) are available. The first one, published in Physical Review 
Letter by Cappella in 2000 addressed the stress response of oscillation by [38] 
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where the first term comes from the Hertzian model with zero-frequency indentation and 0E is 
determined by 2G’/(1-v); the second term is derived from the oscillation effect and 
*
E is 
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determined by 2(G’+iG”)/(1-v); ， 0 and 
~
denote the instant indentation, average indentation 
and oscillation amplitude of indentation, respectively.  
The equation above provides foundations to extract the storage and loss moduli from 
experimental data of oscillatory indentation.  
The other article published in the Journal of Applied Physicsby Oliver in 2008 employed 
a different philosophy. Contact-resonance AFM was used and the cantilever was excited by a 
harmonic vibration. The interaction between the tip and the sample surface was approximately 
formulated with a linear spring-dashpot model. Aided by the elastic Hertz model and the elastic-
viscoelastic correspondence principle [71], the storage and loss moduli in terms of reference 
sample can be determined by [39] 
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whereωis frequency, c is characteristic damping, kis the cantilever stiffness, m is a constant 
depending on the geometries of tip-sample interaction (for spherical contact, m=1.5, and for flat 
punch contact, m=1), the subscripts “s” and “ref” refers to the sample under investigation and the 
reference sample.  
It is noted that the dynamic experiment for viscoelastic measurement has some 
constraints. In order to obtain a sinusoidal response of stress, the amplitude of strain applied, 0 , 
must be kept small. Otherwise, the stress response will contain some other components which 
make the stress curve deviates from a sinusoidal function. The larger the strain amplitude is, the 
more the stress curve deviates from a sinusoidal function. Under certain conditions, the stress 
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sensed by the load cell may even not periodic at all. For example, oscillatory deformation 
applied on block copolymers can give rise to transient changes in its properties. As a result, 
chaotic stress signal can even be observed, which makes it very difficult or even impossible to do 
the analysis on the stress versus strain curves. With those factors taken into consideration, the 
dynamic experiments do have some shortcomings.  
2.3.3. Spring-dashpot model 
In order to quantitatively characterize the mechanical behavior of a viscoelastic system, 
spring-dashpot model have been introduced, where spring denotes the elastic component while 
the dashpot denotes the viscous component. The model with a spring and dashpot in series is 
named as Maxwell model. The model with a spring and a dashpot in parallel is named as Voigt 
model. The model where a Voigt model is in series with a spring is called the standard solid 
model. A comparison of the three models is displayed in the table below. 
Table 2.2. Comparison among different spring-dashpot models 
 Maxwell model Voigt model Standard solid model 
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Note: G represents the elastic modulus of spring, μ represents the viscosity of the dashpot, t is the 
variable of time, u is the strain and σ is the stress.  
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CHAPTER 3.  ELASTIC MODULUS MEASUREMENT 
OF TMV SUPERLATTICE 
This chapter addressed the method for measuring the elastic modulus of TMV 
superlattice. Both the AFM-based nanoindentation experiment and the numerical procedures 
were introduced. In addition to elastic modulus, the surface energy density of the sample was 
also investigated which plays an important role in bio-adhesion. Particularly, the superiority of 
extended JKR model over the original JKR model was stated specifically for nanoindentation. 
According to the X-ray analysis which has been covered in the first chapter, the neighboring 
TMVs were found to be separated by 3.6 nm. This leads us to the guess that the electrostatic 
force on the surface of TMVs assembles them at such an equilibrium pattern. In order to assess 
the influence of the electrostatic field to the mechanical properties, finite element simulation was 
performed where the TMV superlattice was modeled to be a composite structure with tubular 
TMV being filler and with electrostatic field being the matrix.  
3.1. Nanoindentation experiment 
The details of TMV superlattice synthesis can be found elsewhere.[21] The TMV 
superlattice solution was obtained from the mixture of the TMV and BaCl2 solution (molar ratio 
of Ba
2+
: TMV = 9.2104: 1) and further diluted with deionized water (volume ratio 1:1). A drop 
of the diluted solution (10 µL) on a Si wafer was centrifuged at 800 rev/min for 10 s to get 
mono-layer dispersion. The sample was dried for 30 min under ambient conditions (40% R.H., 
21 ºC) for subsequent AFM (Veeco 3100) observation and mechanical testing. The undiluted 
superlattice sample was also scanned under a field emission scanning electron microscope 
(FESEM, Hitachi S4700). 
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The AFM-based nanoindentation was performed under the nanoindentation mode (AFM 
probe type: Tap150-G, Nanoandmore), shown schematically in Fig.3.1. The AFM silicon probe 
was measured in FESEM to have a length of 125 µm, a width of 25 µm, and a thickness of 2.1 
µm. The tip radius is 12 nm. For a typical indentation test, the tip was pressed into the sample 
surface for less than 4 nm which is much smaller than the radius of the tip, hence the tip was 
assumed to have a spherical profile. The indentation was performed at 10 different locations with 
an indentation speed of 185 nm/s. The neighboring indentation locations were 500 nm apart to 
avoid the deformation effect to the adjacent indentation. The corresponding reaction force vs. Z 
piezo displacement (F-DISP) curve was recorded. The Z piezo displacement after the tip-sample 
contact was the combination of the sample deformation (i.e., indentation depth z ) and the 
cantilever deflection. To separate the two, indentations were also performed directly on a rigid Si 
wafer.[13] Thus, the force vs. indentation depth (F- z ) relationship was obtained for elastic 
modulus analysis.  
 
Figure 3.1. Schematic of AFM nanoindentation on the TMV superlattice.[50] 
 
To convert the AFM cantilever deflection to its corresponding reaction force, several 
methods on measuring the cantilever spring constant ck  have been available, such as the thermal 
AFM 
cantilever
Si wafer
laser
Photodiode
TMV 
superlattice
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fluctuation measurement method, the kinetostatic method, the heterodyne interferometry method, 
and the extended added-micro drop method.[72-76] The Sader method [74] was used here:  
 
2
c e c vack M bhl   (3.1)  
where eM , the normalized effective mass, is taken to be 0.242; c is the density of the Si 
cantilever; vac is the cantilever’s unloaded resonance frequency; ,b h and l denote the width, 
thickness and length of the cantilever, respectively. 
To investigate the reinforcing effect of the Ba
2+
 to the mechanical properties of the 
superlattice, a finite element model was built in ANSYS. The TMV superlattice rod was modeled 
as a composite, with Ba
2+
 taken as the matrix and the TMVs as the fiberfill. The Si wafer was 
modeled as a rigid surface and the AFM tip as a sphere with the radius of 12 nm. Two contact 
pairs were used to simulate the indentation process. One was established between the tip and the 
sample, where the rigid sphere tip was defined to move downward to the superlattice; the other 
one was between the sample and the rigid surface, where no relative movement took place. By 
simulating the indentation process, the elastic moduli of both the Ba
2+
 matrix and the superlattice 
were determined. 
3.2. Results and discussion 
It is observed from the FESEM image (Fig.3.2(a)) that the rod-like particles are tens of 
microns in length and several microns in width. Figure 3(b) shows the AFM height image of a 
representative TMV superlattice rod with a cross-section inset. The superlattice is 19.2 µm in 
length, and ~300 nm in diameter.  
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Figure 3.2. (a) FESEM image of the rod-like superlattice; (b) AFM height image of a single 
TMV superlattice.[50] 
Indentation curves were shown in Fig.3.3. It is seen that as the AFM tip approached the 
sample surface, a sudden drop in reaction force occurred in Fig.3.3(a). The decrease in force was 
caused by a strong short-range van der Waals attraction between the sample surface and the tip. 
After the “jump to contact” point, the reaction force increased rapidly as the tip was further 
pressed down. The F-DISP curves in Fig.3.3indicates that the adhesive force beomes more 
evident during the retraction. Figure 4(b) exhibites a stronger attraction between the tip and Si 
wafer. The contact deformation is a well-known nonlinear phenomenon, shown in Fig.4(a), while 
the the cantilever of AFM probe is designed to behave similar to a linear spring. The difference 
of the two curves in Fig.3.3 verifies our assumption that the deformation of indentation on the 
silicon wafer is negligible.  As a result, for the retraction curvesof Fig.3.3(a) and (b), the 
difference in deformation for a specific force, can be regraded as the sample deformation.[63] 
50μm 5 µm
(a) (b)
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Figure 3.3. F-DISP curve on (a) TMV superlattice and (b) Si wafer.[50] 
3.3. Theoretical analysis 
Hertz model has been widely used for non-adhesive elastic contact.[13, 36] The adhesion 
at the nanoscale contact, however, may significantly affect the F- z  curve, based on which the 
elastic modulus is determined.[77, 78] To address this adhesive effect, Johnson-Kendall-Roberts 
(JKR) model and Derjaguin-Muller-Toporov (DMT) model were developed in 1970s.[65, 79] 
Depending on the Tabor parameter  ,these two models are applied for two different cases. JKR 
model is appropriate when  > 10, while the DMT model is more applicable for situations of 
< 0.1.[68, 80] 
However, all the three models are based on the simplification of a spherical profile to a 
parabola. This geometrical approximation is valid for relatively small contact radius with respect 
to the radius of spheres in contact. To address large contact radii problems, Maugiset al. 
extended the JKR model by replacing the parabolic equation with a sphere profile.[60] The 
extended JKR model, which fits well with our case, was used for nanoindentation analysis 
here.[81, 82] 
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The indentation depth z and the load P  for the extended JKR model can be expressed 
as: 
 
K
aG
aR
aRa
z
3
8
ln
2




  (3.2)  
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 (3.3)  
where a denotes the contact radius; the nominal elastic constant K is calculated by 
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 , 1 2,v v  and 1 2,E E are the Poisson’s ratios and elastic moduli of 
the two spheres, respectively; G is the adhesion release rate at the contact surfaces, which is 
determined by  
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where 0P is the pull-off force; the nominal radius R is obtained by 
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R
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

 (3.6)  
where iR and sR are the radii of the indenter and sample in contact, respectively.            
To calculate G , 0P  is calculated to be 16 nN, an average value of 30 indentation results. 
R becomes 12 iRR nm, considering that the top surface of TMV superlattice is flat, with
sR   . Thus K is reduced to
2
2
2
4
3(1 )
E
K
v


. The Poisson’s ratio of TMV superlattice is taken as 
0.38, a commonly used value for biological materials.  
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Based on equations (2) and (3), the F-Δz curves of different elastic moduli are plotted in 
Fig.3.4 (a). It is observed that the non-zero horizontal intercept 0z  varies with elastic modulus, 
indicating that the downward adhesion and upward reaction forces are balanced at a deformation 
position.  
For calculation of the elastic modulus, the experimental F-Δz data is needed to fit to the 
F-Δz curve predicted by the extended JKR model. The experimental Δz data, shown in Fig.3.4(b), 
is the horizontal difference between the data of the retraction curves of the sample and the Si 
wafer (Fig.3.3(a and b)) under the same force. The non-zero 0z , which is the horizontal 
intercept from the model in Fig.3.4(a), remains unknown until the elastic modulus is determined. 
To determine 0z , some available methods have been reported, such as the nonlinear least-square 
error fitting method.[64, 83, 84] An easy approach is proposed here to avoid the complexity of 
numerical processing. As for the experimental F-Δz data, the retraction curve for the wafer 
(dashed line in Fig.3.4(b)) is shifted left (solid brown curve) in order that the points, where the 
cantilever has no deflection for both curves, overlap. Correspondingly, curves from extended 
JKR model is also left shifted horizontally in order that they intersect at the origin as shown in 
Fig.3.4 (c). Then the shifted F-Δz curves of different elastic moduli from the extended JKR 
model can be fitted with the experimental F-Δz data points which are displayed as the red 
asterisks in Fig.3.4(c). The best fitting result can be determined by investigating the coefficient 
of determination (R
2
). The best fitted elastic modulus of 2.14 GPa, with R
2
 being 0.8730, can be 
found as shown in Fig.3.4 (c).  
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Figure 3.4. (a) F-Δz curves generated from the extended JKR model;  (b) F-DISP retraction 
curves on the Si wafer and shifted sample curve sample; (c) Horizontally translated extended 
JKR F-Δz curves and experimental results; the inset shows the coefficient of determination.[50] 
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3.4. Finite element analysis 
Finite element analysis (FEA) was conducted to evaluate the reinforcing effect of the 
like-charge forces between the TMVs and the mechanical properties of the TMV superlattice. 
The superlattice was assumed to be a composite cylinder structure consisting of 2-D hexagonally 
packed TMVs and Ba
2+
 matrix filled between the TMVs. The center-to-center distance of the 
two neighboring TMVs is  21.6 nm[21], and the elastic modulus of TMV is 1.1 GPa [13, 34, 36]. 
The AFM tip was modeled as a 12 nm-radius sphere. It was noted that the superlattice rod of 1-2 
µm diameter contains hundreds of TMVs. For simplicity, a model consisting of 7 TMVs was 
built. Due to the change of geometry, the experimental F-Δz data could not be applied to the 
model. Based on the extended JKR model, the corresponding F-Δz relation in the FEA was 
calculated by adjusting R in equation (2) and (3). The indentation depth of the tip changed from 
2.61 nm to 2.88 nm when a force of 40 nN was applied. The adhesive force of 9.72 nN at that 
point was obtained from the extended JKR and Hertz curves, as shown in Fig.3.5. The total 
pressing-down force acting between the tip and the sample surface, therefore, was taken to be 
49.72 nN.  
 
Figure 3.5. Adhesion approximated from Hertz and extended JKR curves.[50] 
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The elastic moduli of the matrix were found to vary from 3.5 GPa to 10 GPa, as shown in 
Fig.3.6.  The results in Fig.3.6 imply that the fitted elastic modulus of the matrix varies with the 
indentation locations. The estimated elastic modulus of the matrix essentially shows the 
mechanical strengthening effect of the like-charge forces between adjacent TMVs. They 
contribute more on resisting the pressing-down forces than the TMVs to maintain a balanced 
center-to-center distance between TMVs. Such a strong mechanical reinforcing effect takes 
responsibility for maintaining the equilibrium distances between TMVs with no regard to the 
TMV concentration or PH.  
 
Figure 3.6. Elastic modulus of matrix variation with different indentation locations.[50] 
With the Halpin-Tsai model[85], the transverse elastic modulus of the superlattice was 
determined between 4.38 GPa and 2.00 GPa. This is in a good agreement with the prediction 
from the extended JKR model. Under an indentation force of 49.72 nN, the von Mises stresses 
distributions with two cases of indentation locations were presented in Fig.3.7. It is shown that 
the deformation mostly occurs in the matrix and the TMV tube right below the tip, while the 
other TMVs are almost not affected. This indicates that, the indentation depth mainly comes 
from the upper surface of the TMV. Figure 8 also shows that the indentation load was mainly 
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held by the matrix right below the tip, yet the adjacent TMVs had much less reinforcing effect on 
the whole composite structure. Interestingly, the maximum von Mises stress happens within the 
matrix, rather than on the surface in contact with the tip. The von Mises stress distribution in 
both cases indicates that the TMVs have little contribution to the support of the indentation, 
which suggests the like-charge force is the major components in reinforcing the mechanical 
properties of the superlattice structure.  
 
Figure 3.7. Von Mises stress distribution of (a) Case 1 at Δz = 2.81 nm and Ematrix = 10 GPa; (b) 
Case 2 at Δz = 2.85 nm and Ematrix = 3.5 GPa.[50] 
3.5. Summary 
AFM based nanoindentation was employed to evaluate the elastic modulus of TMV  
superlattice formed by TMV in Ba
2+
 solution. Based on the experimental F-Δz data, the extended 
JKR model was utilized to extract the elastic modulus of the superlattice. A simple fitting 
procedure was proposed for fitting the experimental data with the extended JKR model. The 
elastic modulus was determined to be ~2.14 GPa, which is higher than that of the TMVs. Along 
with that, the surface energy density of the sample was also obtained, which is ~ 0.6 J/m
2
. To 
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further investigate the mechanical reinforcing effect of the charge-like force induced by Ba ions, 
finite element analysis was then conducted to simulate the indentation, where a series of elastic 
moduli of the matrix were utilized. The adhesive forces between the tip and the sample surface 
were included in the simulation. Considering different indentation cases, the transverse elastic 
moduli of the superlattice were obtained to be in the range of 2.00 GPa and 4.38 GPa. The results 
show that superlattice has higher elastic modulus than its constituents. The elastic modulus of the 
TMV superlattice is found to be close to that of wet tendon, and larger than most biomaterials. It 
was revealed that the like-charge forces play an important role in strengthening the superlattice 
and thus make it stiffer than TMVs.  
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CHAPTER 4.  VISCOELASTICITY MEASUREMENT OF 
TMV SUPERLATTICE 
To obtain the knowledge of viscoelasticity of TMV superlattice, this chapter presented 
both the experimental and the theoretical processes to achieve it. At first, the functional equation 
method was introduced which was employed to extend the elastic contact mechanics model to 
viscoelastic solution. Then the AFM-based nanoindentation experiment was detailed to 
demonstrate the transient viscoelastic experiment. Finally, the numerical method for 
quantitatively characterizing the viscoelastic property was shown. The method described in this 
chapter provides a new avenue to measure the viscoelasticity of nano-biomaterials.  
4.1. Mathematical formulation of viscoelastic system 
4.1.1. Functional equation method 
Viscoelastic analysis involves both space-and time-dependent factors. In 1955, Laplace 
transform was introduced into the stress analysis on viscoelastic materials to significantly reduce 
the complexity generated by the time dependent factors.[86] Moreover, this method extended 
theories of elasticity that have been accomplished to viscoelastic problems. It has been 
demonstrated in reference [86] that a unique viscoelastic solution can be obtained by each elastic 
solution to boundary value and initial value problems. However, this method was limited to the 
situation where the boundary conditions can be applied to Laplace transform. In realization of 
this problem, Radoket al. extended the applicability of the Laplace transform method to a more 
general situation by using the approach of functional equation.[46] Recently, the functional 
equation method has been employed on analyzing flat-punch [43] and spherical-tip 
indentations[44] of viscoelastic materials, where the indenters are capable of recording the 
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loading and displacement history. In comparison, AFM processes a higher accuracy in force 
sensing (as small as 1 pN) and displacement sensing (1 nm),but lacks the real-time control of the 
loading vs. displacement of the tip. Thus, the indenter-based indentation methods cannot be 
utilized for AFM-based nanoindentation on viscoelastic bodies. Besides, the strong adhesion [87] 
between the AFM tip and the TMV superlattice will significantly affect the determination of the 
viscoelastic properties. In the following section, we employed the functional equation method to 
develop a contact mechanics model for indentation on viscoelastic materials with adhesion. 
Specifically for AFM based nanoindentation, a modified standard solid model was proposed to 
extract the viscous and elastic parameters of the TMV superlattice.  
As a premise of the functional equation method, a quasi-static condition is assumed so 
that inertial forces of deformation can be neglected.[46, 86]The general constitutive equations for 
a linear viscoelastic/elastic system in Cartesian coordinate can be written as 
 ij
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where i (i=0,1,2,…) is determined by the selected viscoelastic model; dip , 
d
iq , 
m
ip  and 
m
iq are 
the components related to the materials property constants, such as elastic modulus and Poisson’s 
ratio.  
To quantify the viscoelastic behavior, spring-dashpot models have been used as an 
effective analogy. For a pure elastic system, the model is reduced to a spring only and the linear 
operators above can be determined to be 
 
dd pP 0 , 
dd qQ 0 , 
mm pP 0 , 
mm qQ 0  (4.5)  
According to the elastic stress-strain relations, the elastic linear operators above are 
correlated as follows: 
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where G is the shear modulus, and K is the bulk modulus.  
Elastic solutions are sought to obtain the functional equations of nanoindentation on a 
viscoelastic body. There are a few contact mechanics models available to simulate the 
indentation process, such as Hertzian theory [61],JKR model [79],DMT model [65] and so on 
[60, 67, 88]. Detailed comparisons between them and their applicability can be found in chapter 
2 and Reference [68]. DMT model was used in this work as a solution for indentation on an 
elastic body with adhesion.  
According to DMT model [65],the indentation load F and relative approach  can be 
expressed as 
 
RERF *2
3
2    
(4.7)  
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where R is the nominal radius of the two contact spheres R1 and R2, given by 
)/( 2121 RRRRR  ; the adhesive energy density can be obtained from the pull-off force Fc, 
where 2/3 RFc  ; the nominal elastic modulus E
*
can be obtained from the elastic modulus 
and Poisson’s ratio of the sample by )1/(3/4 2* ss vEE   considering that the elastic modulus of 
the tip is much larger than that of the sample.  
To find the time-dependent relation between the indentation load F and the indentation 
depth , by combining Eq. (4.6) with,  
 ,
)1(2 v
E
G


)21(3 v
E
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
  (4.8)  
it yields 
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Subsequently, we would first obtain the functional equation of contact radius a v.s. 
indentation depth . (The schematic of sphere contact and the physical meaning of parameters 
can be found in Fig.4.1.)  
 
Figure 4.1. Schematic of contact between a sphere and a flat surface. 
Invoking Eq. (4.9) into Eq. (4.7), the functional equation is obtained as 
51 
 
2/3)]()[2(
3
4
]2)()[2( tQQPQPQ
R
RtFQPPPPQ dvddvdvdddvd    (4.10)  
The linear operators need to be determined so that the elastic solution can be related to a 
viscoelastic solution. As stated before, the viscoelastic behavior can be effectively represented by 
a spring-dashpot system. Maxwell and Kelvin models are the two fundamental systems, 
representing a combination of a series and a parallel of a spring and a dashpot, respectively.[33] 
Combining the two fundamental models, the standard solid model, shown in Fig.4.2, was utilized 
to simulate the viscoelastic behavior of the TMV superlattice. The advantage of the standard 
solid model is that both the instantaneous elastic response and the retarded elastic response can 
be reflected, which better describes the mechanical response of most viscoelastic bodies. In 
addition, the constitutive equations for the standard solid model become simpler.  
It is customary to assume that the volumetric response to hydrostatic stress is elastic 
deformation and thus is uniquely determined by the spring in series.[69]Then the four linear 
operators for the standard solid model can be expressed as 
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Figure 4.2. Schematic of the standard solid model. 
 
Invoking the linear operators into Eq. (4.10), a functional differential equation is obtained 
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where ,32 100 KqA  )23()23( 1110111 qKpqKpA  , ),23( 11112 qKppA 
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The functional equation obtained now extends the elastic solution of nanoindentation to 
viscoelastic system. Equation (4.12) relates the indentation load P with the relative approach . 
If the function of  with respect to time, t, is known, the function of P(t) can be obtained by 
solving the differential equation above.  
4.2. The transient viscoelastic measurement of TMV superlattice 
4.2.1. Experiment 
The TMV superlattice solution was obtained from the mixture of the TMV and BaCl2 
solution (molar ratio of Ba
2+
: TMV = 9.2 104: 1), and further diluted with deionized water 
(volume ratio 1:1). The detailed TMV superlattice synthesis procedure can be found elsewhere 
[89]. A 10 µL drop of the diluted solution on a Si wafer was dispersed at 800 rpm for 10 s to 
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form a mono-layer. The sample was dried for 30 min under ambient conditions (40% R.H., 21 ºC) 
for AFM (Veeco 3100) observation and mechanical testing. 
To investigate the viscoelastic property of the TMV/Ba
2+
 superlattice, nanoindentation 
was performed using the AFM nanoindentation mode (AFM probe type: Tap150-G, 
Nanoandmore). The geometry of the AFM silicon probe was precisely measured using FESEM, 
with a length of 125 µm, width of 25 µm, and thickness of 2.1 µm. The tip radius is 12 nm. For a 
typical indentation test, the tip was pressed into the sample surface for ~12 nm, a depth that was 
comparable to the tip radius. A series of indentations with a constant initial indentation force but 
varying duration time were performed to track the viscoelastic responses. A 10 min time interval 
of the two adjacent indentations was set for the indentation to fully recover prior to the next 
indentation.  
4.2.2. Solution to AFM-based nanoindentation 
It is known that as the AFM tip is pressed down, it will stop until a predefined force, a 
corresponding deflection of cantilever is reached. To measure the viscoelasticity, AFM is able to 
define the duration time of indentation. During each indentation, the vertical distance between 
the substrate and the end of the cantilever is fixed. Due to the viscoelastic behavior of the sample, 
the deflection of the cantilever, or the normal indentation force, gradually decreases, the 
deformation, or the indentation depth, however, increases. A schematic of the stress relaxation is 
shown in Fig.4.4, where the force probed by the deflection of the cantilever decrease from ~100 
nN to ~ 40 nN. 
The modified standard solid model is shown to simulate the AFM-based nanoindentation 
on a viscoelastic material. Rather than establish a spring-dashpot model for the TMV superlattice 
only, the cantilever as a spring is also combined in the model. Hence, as the vertical distance 
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between the substrate and the end of the cantilever does not change for each indentation, stress 
relaxation can be described by this modified standard solid model. During this process, the force 
on the system decreases while the deformation of sample increases to compensate the decreased 
deflection of the cantilever. In Fig.4.4, the change of the cantilever’s deflection (∆d) is equal to 
the sample’s deformation (δ) during indentation. Hence, the distance between the end of 
cantilever and the substrate where the sample lies keeps constant. 
To obtain the mathematical solution of the viscoelastic functional equation for the case of 
stress relaxation, assume P(0), P
’
(0)and P
”
(0)are all zeros at t=0. The indentation depth  can be 
written as 
 )()( 0 tHt    (4.13)  
where H(t) is the Heaviside unit step function and 0 is the relative approach between the 
substrate and the end of the cantilever.  
Thus Eq. (10) can be rewritten as 
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Laplace transform was used to get an analytical solution for the loading history 
F(t).Applying Laplace transform on Eq. (4.14), we have 
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where a function with 
∧
on its top means Laplace transformed function in s domain.  
By dividing )( 2210 sAsAA  on both sides of Eq. (4.15) and performing inverse Laplace 
transform, it yields 
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This equation is referred to be the viscoelastic equation of AFM-based indentation.  
The experimental data shown in Fig.4.3, exhibits the variation of force as a function of 
indentation time. The initial indentation force at t=0 was measured to be 104.21nN, then the 
force started to drop over  time and remained steady at 38 nN after ~5000 ms. The descending 
process of force curve in Fig.4.3 fits qualitatively well with the exponential function which is 
derived in Eq. (4.16). The elastic modulus E1, E2 and viscosity , corresponding to the 
parameters of mechanical properties in Fig.4.1, can then be determined by fitting Eq. (4.16) with 
the experimental data.  
 
Figure 4.3. Variation of indentation force with respect to different indentation duration. 
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Figure 4.4. The variation of cantilever’s deflection (∆d) and the sample’s deformation (δ) during 
indentation. 
From the initiation of contact to the maximum indentation depth, the relative approach 
between the substrate and the end of the cantilever, 0 , is obtained from indentation data. In our 
case, 0 =78.457 nm. The pull-off force, R2 , calculated by averaging the pull-off forces of 
multiple indentations on the TMV superlattice, is determined to be ~16 nN. By comparison with 
the curvature of AFM tip, the surface of the sample can be treated as a flat plane. Hence, the 
nominal radius R=Rtip=12nm.  
When t=0, Eq. (4.16) becomes 
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With F(0), R, 0 , R2 , and the relationship that )1(2/ 111 vEG  and 
)21(3/ 111 vEK  into the equation above, it gives 
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The method proposed in reference [56] can be adopted to determine the Poisson’s ratio v1. 
For simplicity, the Poisson’s ratio is taken to be 0.38, a commonly used value for biological 
materials. Therefore E1is determined to be 0.0320GPa. 
When t , Eq. (4.16) becomes 
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The obtained equation contains only one unknown parameter, E2, given v2=0.38.ThusE2is 
determined to be ~0.0213GPa. 
Plugging the experimental data except at t=0 or t=  in Fig.4.3into Eq. (4.16), the value 
of viscosity can be determined. The viscoelastic equations were derived based on the assumption 
that the elastic modulus and viscosity are constants. It is found that when 4.12 GPa·ms, the 
coefficient of determination R
2
 of the viscoelastic equation and the experimental data is 
maximum, which is ~0.9639.  
Since the stress relaxation process is achieved by a combination of the cantilever and the 
sample, the viscoelasticity of the sample can be obtained by subtracting the component of 
cantilever from the results. The cantilever, acting as a spring, is in series with the sample, which 
is represented by a standard solid model. The schematic of the series organization is shown in 
Fig.4.5.  
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Figure 4.5. Spring-dashpot schematic of cantilever in series with sample. 
At the initial of indentation, the spring with elastic modulus of E1takes all the 
deformation, due to the instantaneous step load that the dashpot cannot take, resulting in no 
change of the spring with E2. Therefore the viscous behavior is not present at the beginning and 
the whole indentation system can be treated as a pure elastic body. Hence, the elastic modulus of 
E can be acquired from the experimental data of zero duration indentation. Applying the DMT 
model in Eq. (4.7) to the contact between the tip and the sample, and considering the force-
displacement relationship of the cantilever, 
 cantileverkF   (4.20)  
where k is the spring constant of the cantilever, which is 5 N/nm; cantilever  is deflection of the 
cantilever of AFM probe. The elastic equation of AFM- based indentation 
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where δ is recorded directly as the z-piezo displacement by AFM.  
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Figure 4.6. DMT-model-based indentation equation fitted with experimental data. 
The elastic modulus of E can be calculated by fitting the DMT-model-based indentation 
equation with experimental data. For simplicity, some modification was done to the indentation 
equation and the experimental data, whose details can be found in reference [87]. The fitted 
elastic modulus of E is ~3 GPa with an coefficient of determination of 0.9948.  
4.3. Results and discussion 
Based on the solution obtained in the section above, the viscoelastic equation of AFM-
based indentation for TMV superlattice can be put as 
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The equation was visually shown in Fig.4.7. in company with the experimental data.  
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Figure 4.7. Indentation experimental data v.s. fitted indentation equations. 
Specifically for the TMV superlattice whose viscoelastic stress-strain behavior is 
simulated by a standard solid model, the governing equation becomes 
 
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22 EE
EEE
  (4.23)  
where E=3 GPa, E2=0.0213 GPa, and 4.12 GPa·ms. 
In the standard solid model, the spring with E responds to the indentation loading 
instantaneously. The initial experimental data point is completely determined by the 
instantaneous elastic modulus. At the beginning, the indentation force undertaken by the whole 
system is the largest and is equally taken by E and . However, E2 undertook no load initially 
due to the constraint of the paralleled dashpot. When the indentation was held for 5000 ms, the 
indentation force sensed by the probe tends to a constant, which is ~38 nN in this case. It means 
no displacement took place on the whole indentation system and thus the dashpot experienced no 
load. Then all the force was distributed on the two springs which were in series with each other. 
In contrast to E, E2is much smaller and therefore the indentation force reduced by a large extent, 
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from ~104 nN to ~38 nN. It can be calculated that the tip went down another 13.2 nm from the 
beginning of indentation.  
4.4. Summary 
This work introduced a novel method to perform the transient viscoelastic experiment on 
micro/nano-scale materials by using an AFM. By contrary to previous AFM-based dynamic 
methods for viscoelasticity measurement, the experiment proposed here is able to extract the 
viscosity and elasticity of the sample, respectively, instead of storage and loss moduli which are 
frequency-dependent properties. Accordingly, the results obtained from this experiment are 
applicable to a more general situation.  Furthermore, the adhesion between the AFM tip and the 
sample surface is also taken account in this method and thus more accurate results can be 
achieved. Besides, the experiment is set up based on a basic AFM, without the need for 
sinusoidal displacement generating unit and thus is more convenient and cheaper to operate. The 
experiment was proposed based on a model of viscoelastic contact mechanics which evolved 
from elastic contact mechanics model. The derivation followed the approach of functional 
equation that has been justified to be an effective method to extend the elastic solution to 
viscoelastic solution. The elastic moduli and viscosity of superlattice formed by TMV was 
measured to be E=3 GPa, E2=0.0213GPa, and 12.4GPa ms   , corresponding to the 
parameters denoted in the standard solid model in Fig. 4.5. It means the TMV superlattice is 
quite rigid at the initial contact and tends to experience a large deformation under a constant 
pressure. 
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CHAPTER 5.  CONCLUSIONS AND FUTURE WORK 
In this thesis, the elastic modulus, surface energy density and viscoelasticity of TMV 
superlattice were investigated. Particularly, some novel AFM-based techniques were developed 
to characterize the mechanical properties of micro/nano-biomaterials. By comparison with the 
previous methods for nanomechanical characterization, the methods proposed in this work are 
able to provide better results. The main contributions of this thesis are summarized into the 
following points. 
1) Extended JKR model was employed to perform nanoindentation analysis and 
determine the elastic modulus of TMV superlattice via a newly proposed numerical process. The 
extended JKR model is more accurate than Hertz model to extract the elastic modulus. Even 
though the extended JKR model is much more complicated than Hertz model due to the 
uncertainty of the contact point, the newly proposed numerical method works effectively to fit 
the experimental data with the extended JKR model. The surface energy density, which is an 
important property to determine the interaction of biomaterials, is also able to be determined. 
The TMV superlattice has been found to be more rigid than individual TMVs. This results agree 
well with our estimation that superlattice is rigid than its constituents. 
2) Transient viscoelastic nanoindentation experiment was for the first time proposed. By 
contrary to previous dynamic AFM-based viscoelastic experiments, the method proposed in this 
thesis is easier and economic to operate. More importantly, the viscoelasticity is quantitatively 
characterized by viscosity and elasticity instead of storage and loss moduli in this newly 
developed method. It makes the experiment apply to a wider range of materials. The numerical 
procedures to determine the viscosity and elasticity are based on a newly developed viscoelastic 
contact models. This model took the adhesion into consideration and thus provided more precise 
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results. The method has the potential to quantitatively characterize the nonlinear viscoelasticity 
of nanomaterial.  
Besides of the additions to the nanomechanical characterization, some remaining work is 
to be addressed herein. They can strengthen the AFM as an effective tool for nanomechanical 
characterization.  
1) The methods to determine the elastic modulus and viscoelasticity were essentially 
founded upon some contact mechanics models. All these models consider the most idealized 
situation. For example, the objects in contact are homogeneous and isotropic with perfect 
geometrical profile, such as plane or sphere. The reality, however, deviates from the ideal 
situation assumed by those models. Particularly, the anisotropy of samples should be accounted. 
By far, the only two publications of nanoindentation on anisotropic materials were from Dr. 
Vlassak at Harvard. But more knowledge on this subject needs to be gained so that we can obtain 
the anisotropic elasticity of nanomaterial safely and convincingly.  
2) The finite element method should be an efficient and effective numerical tool to study 
the nano adhesive contact for various conditions. In reality, the samples are usually 
heterogeneous materials. The profile of contact interfaces can be extremely complex and thus 
challenging to formulate. Finite element simulation is an ideal method to solve those complicated 
problems. However, there is no adhesive contact analysis package in current commercial FEA 
software. Secondary development on the FEA software is needed. Before that, the applicability 
of FEA for nanomechanical system should be studied. A more convincing method to achieve this 
study is comparison between the FEA simulation results and atomic simulation results.  
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3) Superlattice has been found to feature excellent optical and semiconducting properties. 
Future work should measure these physical properties of TMV superlattice, which makes it 
possible to use the TMV superlattice in a wider range than biomedicine.  
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APPENDIX. FINITE ELEMENT FORMULATION OF 
NANOINDENTATION 
The appendix here is to formulate the FE model of adhesive contact. This work will be 
divided into three major parts. 1). the minimum sizes for FE method. Since the FE method was 
built upon the theories of continuum mechanics, the applicability of this method for micro/nano 
system is strongly challenged. As the first part, the minimum sizes where the assumption of 
continuum medium still holds will be quantitatively characterized. 2). The FE simulation of 
general contact problem. In this part, some basic philosophies behind the contact analysis in FE 
will be covered. 3). The FE formulation of adhesive forces into the contact system. 
A.1. The applicability of finite element method for nanoscale problem 
For polycrystals, the constraints for the sizes of FE method are mainly from the 
anisotropy and the different orientation of crystals in it. When the polycrystals under 
investigation were scaled down to the sizes comparable to that of its grains, the mechanical 
properties, e.g., the Young’s modulus and shear modulus observed in that scale will be different 
from those observed in bulk scale. On the other hand, the monocrystal can be scaled down to an 
infinitesimal size which is effective for FE method. This can also be derived as a special case in 
polycrystals where the anisotropic degree is 0. It has been proved in the tensor representative 
theory by Nye. et al. that the linear thermal conductivity is always isotropic for any cubic 
crystals and thus the size for thermal problem in FE method can be as small as possible; the 
linear elasticity is not always isotropic for all cubic crystals so there is a minimum size for elastic 
solid problem in FE simulation. It is noted that the minimum size of effective volume for 
different mechanical properties are also different.  
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Before calculating the minimum sizes for effective volume, we’ll first define the 
concept of effective volume size. From the perspective in macro-scale, a bulk of material is 
homogeneous in its mechanical properties due to the randomly distributed anisotropic grains. 
When a bulk of polycrystal is subject to uniformly distributed stress, σ , a uniform strain will be 
resulted which is denoted by the second-order tensor, ε . The stress and strain mentioned above is 
a behavior demonstrated by the whole bulk of material. They are what we use usually based on 
the assumption of continuum medium. From the mechanics of materials, the stress tensor and 
strain tensor are related by a fourth-order tensor, C, the stiffness tensor, or S, the compliance 
tensor. However, when we look at a small sub-volume in the bulk material with size d, we can 
obtain a new set of stress, strain and compliance tensor. To distinguish them from the previous 
ones, they are denoted by dd ε,σ and Sd, respectively. The compliance tensor is derived from 
Young’s modulus and Poisson’s ratio, and thus is a material-dependent parameter. When the size 
of the sub-volume is small enough, Sd will deviate from S due to the anisotropic of the grains. 
There exists a critical size, below which the deviation occurs. The critical size is the effective 
volume size we are going to calculate. 
A schematic of different orientations of crystals and different sizes of sub-volume can 
be found in Fig.A.1. For a sub-volume of a specific size chosen, the stress-strain relationship 
follows Hooke’s law, 
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   (A.1)  
where ij is the Kronecker delta.  
For simplicity, we take the sub-volume to be in a plane stress state. Then Eq.A.1 gives 
rise to the following relationship to obtain the apparent Young’s modulus and Poisson’s ratio 
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Then the apparent shear modulus and area modulus can be calculated by 
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Figure A1. Different orientations of grains and different sizes of sub-volume.[90] 
As the size of sub-volume increases, e.g., from 1dV to 
4
dV  in Fig.A1, the shear modulus 
and area modulus tend to approach a constant. Such a tendency can be found in Fig.A.2.  
The critical size to reach the contact modulus value is found to be relevant to the 
anisotropic degree. Then let’s find the way to quantitatively characterize the degree of anisotropy. 
The compliance tensor of a sub-volume can be put into 
 ])1[(
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dvv
E
D1dd111IS ddd   (A.5)  
where 1  and I  represent the identity tensors of second order and fourth order, respectively; dd
and dD  are sub-volume-dependent tensors and defined by the following equations 
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For more details of the derivation of the equations above as well as their physical 
interpretation, please refer to the reference [91]. The tensors dd  and dD are related to the anisotropy 
of the sub-volume, which can be concluded from the equation above. When the sub-volume is 
isotropic, then the two tensors are zero tensors. Equation A5 evolves into the compliance tensor for 
isotropic material, which is a special case for anisotropy. Thus we have 
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Combining Eq. A5 and Eq. A9, we obtain the equation for measuring the anisotropy degree 
as below, 
 
d
iso
dd
S
SS
S

 )(  (A.10)  
where 
ijklijkl SSS . 
A correlation between the critical sizes and the anisotropy degree can be found in Fig.A.3.  
Then by numerical simulation of more than 574 different samples, their critical sizes for 
area modulus and shear modulus were obtained. The results indicate that the critical sizes for 
area modulus can be infinitesimal, while the critical sizes for shear modulus vary with anisotropy 
degree. A general linear correlation between the critical sizes and the anisotropy degree can thus 
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be obtained according to the least square correlation method. With the variation of the error for 
shear modulus, the critical sizes will change a little accordingly. Then we can describe the 
relationship as )()( SRd GRVE   . Judged from the simulation results in Fig.A.3, the critical sizes 
for most materials are ~15 or fewer times than their critical sizes. Thus the continuum 
assumption mostly works well for nanomechanical problems. However, a case-by-case analysis 
is necessary. From Fig.A.3, we can also observe that the critical sizes for isotropic materials or 
materials with very small anisotropy degree tend to be 0.  
 
Figure A2. Apparent shear modulus varies with the size of sub-volume by numerical 
simulation.[90] 
77 
 
 
Figure A3. Critical size v.s. anisotropy degree by simulation of 574 cubic crystals.[90] 
A.2. Finite element formulation of general contact system 
To identify different surfaces in contact and assign different conditions, the in-contact 
surfaces are usually labeled with target and contact. There are several ways to identify the target 
and contact surfaces. 1) if one surface keeps static while the other one initiates the relative 
approach, the static surface is target and the moving one is contact; 2) The rigid surface is always 
defined to be target while the deformable one contact; 3) in other cases, the target and contact 
surfaces can be randomly assigned usually.  
For convenience in the following statement, the quantities of target surface are labeled 
with a superscript, t, and the quantities of the contact surface with a superscript, c.  
A.2.1. Contact point and gap 
For three dimensional element, all three sides are mapped with the parameter a and b as 
x(a,b), y(a,b), and z(a,b). The normal vector of this element can then be calculated by 
 21 vvn   (A.11)  
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The potential contact point on the target surface corresponding to a point on the contact 
surface ),,(
ccc zyx can be obtained by means of least square method with the following condition 
 ])()()min[( 222 ctctct zzyyxx   (A.12)  
A.2.2. Finite element equations formulation through Lagrange multiplier weak form 
Based on the equation that 
Internal virtual work = body force work + surface force work – work by contact force 
We can obtain the weak form of the contact problem 
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where ε and σ are the strain and stress within an element, u is the displacement increment, b
and q are body force and surface force vectors, Fn is the normal forces between the contact 
surfaces, tnu and 
c
nu are normal displacement of target and contactor surfaces.  
To prevent the penetration between the two contact surfaces, the following constraint 
needs to be satisfied 
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The final finite element model is  
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A.2.3. Finite element equations formulation through penalty formulation 
The normal force at contact surfaces is expressed as 

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where𝛽  is penalty parameter.  
The final FE equations are obtained as 
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A.2.4. Comparison of Lagrange method and penalty method 
To compare the simulation results through Lagrange and penalty methods, a simulation 
of contact between a sphere and a cylinder was performed in ANSYS. A schematic of the contact 
system was shown in Fig.A5. The sphere was assigned to be the target with rigid materials while 
the cylinder was assigned to be the contactor. The cylinder is a composite structure composed of 
isotropic matrix and tubular filler. Their elastic moduli were 1.0 GPa and 2.5 GPa , respectively, 
and their Poisson’s ratio was defined to be 0.38. The Lagrange method and Penalty method 
(penalty parameter is 1.0) were run one after another. The motion of the target was governed by 
a node in the center of the sphere. In this simulation, a -6 unit displacement along the y direction 
was assigned to the target. The running results can be found in Fig.A6. It is evident that the 
results predicted by Lagrange and penalty methods are in great agreement with each other. More 
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importantly, both of the two results fit pretty well with Hertzian model. The effectiveness of the 
two algorithms for contact simulation was validated accordingly.  
 
Figure A4. Schematic of nanoindentation.             Figure A5. Comparison of simulation results. 
 
A.3. Finite element formulation of adhesive forces into the contact system 
A.3.1. Formulation of governing equation for adhesive contact 
In order to include the adhesion into the FE model, the work done by the adhesive forces 
need to be incorporated into the governing equation Eq.A.13. The Lennard-Jones potential is 
employed to calculate the interatomic forces between two planes as follows, 
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where r is the distance between two atomic planes, r0 is the equilibrium distance where force is 0, 
ε is the adhesion energy density.  
The Lennard-Jones potential has been widely used as an approximation for van der Waals 
force. Then the work done by the adhesive forces can be calculated by 
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where u is the variation of displacement; k is molecular density in the volume domain; the 
subscript k can be c or t, which represent contactor and target, respectively; kb is the body force 
vector raised from adhesion and it can be calculated by the following equations 
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The derivation of the two equations above can be found in the reference [92] By defining that 
rrrF /)(,/)(,/ 122 xxrxxr 211   , the body force vectors can be written into 
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Including the adhesion work in Eq. 20 in the governing equation for contact system (Eq. 15), we 
can obtain the governing equation for adhesive contact problem, which is 
 0].:)([
,
,   
 tck
kextk
V
kk
V
kk dvdvgrad
k k
 buσu kk  (A.21)  
where kext, means the work by external body and surface forces whose expression can be 
found in Eq. 15. It is noted that the governing equation is founded based on the current 
deformation state so the stress tensor in it is Cauchy stress and the molecular density is that in 
deformed volume. The governing equation can also be expressed by the quantities in original 
status as follows, 
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where )( kugrad is gradient of displacement increment with respect to the original dimensions, 
Pk is the first Piola-Kirchhoff stress tensor, k0 is the molecular density in the original volume.  
In order to evaluate the work done by the adhesion, integration of six levels are needed 
which is very expensive in computation and challenging to perform in finite element 
implementation. With the purpose to simplify the integration of adhesion work, we introduce the 
method proposed in reference [92]. To interpret this method, we’ll take the example to evaluate 
the body force at point xkin the body Vk.(shown in Fig.A.7) Two procedures are included as 
follows 
1). The point xkis first projected towards the surface of the volume Vl. The projection line 
is perpendicular to the surface of the Vl. The projection point is labeled with xp. The projection 
point xpin the body Vlisnot a material point so it won’t move with the material.  
2). The body Vlis approximated with a flat half space on which the integration of 
adhesion work, as shown in Eq. A18, is performed.  
The schematic of body force formulation can be found in Fig.A8. The determination of 
the projection point is actually the same as the algorithm stated in section A.2 to find the closest 
point. The projection direction is denoted by -np ,which is opposite to the normal direction of the 
projection point xpon the surface of the body Vl. Then the body force acting on point xkcan be 
obtained by the integration on the half space 
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whererkis the distance between xk and xp, which is the projection distance; l is the molecular 
densityat the projection point xp. 
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Figure A6. Schematic of body force formulation. 
In order to find the expression which can be directly plugged into Eq.A.22, the governing 
equation built on the original volume, the Hamaker’s constant was introduced: 
2
00201
22 rAH  . Then Eq. A.23 can be rewritten into 
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When the neighboring body Vl is unable to deform, then Jl in Eq.A.24 is 1. Now it is 
ready to plug the body force vector directly into the integration so that the adhesion work can be 
estimated. It can be concluded from the equation that the body force is mainly decided by two 
parameters, the adhesive force AHand the adhesive range r0. There is actually another way to 
evaluate the adhesion work, where the surface force is formulated instead of body force. This 
method sometimes works more efficiently than the body force method but the tendency to 
inaccuracy has been observed with this method when the adhesion increases. Constrained by the 
time, the surface force method won’t be elaborated here. For more details of the surface force 
method, please read the reference [93].  
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A.3.2. Finite element implementation of adhesive contact 
As the finite element model has been built above, the finite element implementation will 
be addressed in this section.  
The domain over which the integration is to be performed was discretized into two 
different types of elements, the volume elements and the surface elements. For either of the two 
elements, the displacement vector and the displacement variation vector can be approximated by  
 eeee vNuuNu  ,  (A.25)  
where the subscript e denote the quantities for an element, eu and ev are displacement and 
displacement variation vectors for an element, respectively; the matrix Ne can be calculated by 
the shape functions as below 
 ],...,,[ 21 IIIN e neNNN  (A.26)  
where I is a 3×3 identity matrix. 
Invoking the displacement and displacement variation functions in Eq.A.25 into the weak form 
of governing equation, Eq. 23, the governing equation becomes a discretized matrix equation  
 0fffv extadhint  ][
T  (A.27)  
where v is the virtual displacement of the nodes on elements, intf , adhf and extf are the virtual 
work done by the internal strain, adhesive forces and external body and surface loads, 
respectively. They are all assembled from the vectors of individual elements.  
According to Eq. A.27, we can obtain that 
 0fff extadhint   (A.28)  
Generally speaking, the internal strain work and the adhesion work vary nonlinearly with 
the displacement vector. The internal force vector over a specific element can be expressed by 
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where Be is the matrix that contains components of the derivative of the shape functions.  
The virtual work done by the adhesive contact forces can be estimated by 
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A.3.3. Analysis of the finite element method for adhesive contact 
In order to validate the effectiveness of the finite element model proposed above for 
adhesive contact in nanoscale, an example was taken where a sphere comes into contact with a 
flat surface. The bottom and the sides of the flat surface which is the block in Fig.A.9 are all 
fixed while the top surface of the block is free to motion and deformation. A predefined 
displacement was applied to the sphere and then a corresponding reaction force can be calculated 
by the finite element simulation. The simulation results by means of the finite element model 
introduced in this thesis was displayed in Fig.A7, where different surface energy density was 
used. As seen from it, the adhesive force came into play within a small region outside of the 
contact area. To further justify the accuracy of the finite element model, the simulation results 
were also plotted together with the results predicted by the analytical models of contact 
mechanics, which was demonstrated in Fig.A.8. The adhesive force is evidently observed from it. 
Most of all, the curve of simulation results fall between the JKR and DMT models. Thus the 
finite element model founded can work effectively. Particularly, the simulation can differentiate 
the approaching and separation processes, which can also be observed in nanoindentation 
experiments. However, the analytical results by JKR, DMT and Hertz models cannot tell the two 
processes from each other. The superiority of the finite element simulation is thus demonstrated.  
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Figure A7. The simulation results of adhesive        Figure A8. Comparison of FE simulation results 
contact with different surface energy density.[93]  and contact mechanics models.[93] 
